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Abstract 

We show how the coherent states transform associated to the ir- 
reducible representations of the Euclidean Motion group can give rise 
to a reproducing kernel Hilbert space, even if such representations are 
not square integrable. Once this result is established, we can charac- 
terize such Hilbert space for the case of a minimal uncertainty mother 
wavelet in terms of a complex regularity related to the natural almost 
complex structure of the group, in strict analogy with the Bargmann 
transform. 

1 Introduction 

We will deal with coherent states intended as a family of vectors in a Hilbert 
space generated as an orbit of a Lie group by means of the action of one 
of its unitary irreducible representations, a notion introduced by Gilmore 
|22j and Perelomov [32]. A crucial feature of this construction is that if 
the involved representation happens to be square integrable, i.e. its matrix 
elements with respect to any two vector of the Hilbert space are square 
integrable on the group with respect to the Haar measure, then such a 
family is total in the Hilbert space (see also |16} §14]). Moreover, it is 
usually overcomplete, that means that its elements do not constitute a basis, 
since they are generally not linearly independent. Linear decomposition on a 
coherent states system is commonly called Coherent States Transform, while 
the completeness of the system together with the square integrability give 
rise to a reproducing kernel Hilbert space [TJ. We note that the hypothesis 
of irreducibility is, for many applications, drop out in favour of conditions 
that ensures completeness, typically involving the so-called mother wavelet, 
or fiducial vector, that is the Hilbert space element chosen as generator of 
the orbit [13 [251 ED El US] . 
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Notable families of coherent states are those related to the affine group 
of the real line, that provide the Continuous Wavelet Transform, and the 
one obtained with Heisenberg group, whose associated linear decomposition 
is often addressed to as Gabor Transform, or Windowed Fourier Transform 
\13\ [U [23]. In this case, the action of the group is considered modulo its 
isotropy subgroup, i.e. the maximal subgroup that, when represented, con- 
tributes only with a phase term (for the Heisenberg group this is simply 
its center). This quotient indeed does not alter the previous arguments, 
but rather permits to attain the square integrability condition, so coherent 
states belonging to the definition adopted here are always considered orbits 
of the homogeneous space obtained by quotienting the group with its (pos- 
sibly trivial) isotropy subgroup. Occasionally, representations restricted to 
these manifolds are referred to as a projective representations. 

Definition 1.1. Let G be a Lie group, ir be a unitary irreducible represen- 
tation of G on the Hilbert space H, ipo be a nonzero vector in % and H be 
the maximal subgroup of G such that 

for some a : G — > BL Let then X be the homogeneous manifold X = G/H . 
Coherent states for G are defined as 

{ip x = ir(x)ifo} xeX • 

When considering a linear decomposition on an overcomplete system, 
we end up with a redundant storage of information, which typically allows 
to perform the decomposition on smaller systems, that still can be total, 
and eventually possess additional properties. This is the case for discrete 
subsystems, such as orthonormal systems of wavelets |12[ [29| [30] or families 
defined on possibly irregular lattices [25]. The properties of such subsystems, 
and in particular their completeness, or frame property, are generally related 
not only to the group structure, but also to the fiducial vector. 

A well known property related to the fiducial vector occurs for canon- 
ical coherent states |23[ [M[ 127] . that are orbits of the Heisenberg group 
(modulo its center) on a fiducial vector that is a minimum of the associ- 
ated Uncertainty Principle [18]. In this case the coherent states transform, 
up to a weight, is known to be entire with respect to the complex struc- 
ture associated to the corresponding symplectic phase space, and is called 
the Bargmann transform [U [18]. This classical result allows to characterize 
the target space of the coherent states transform in terms of a (weighted) 
square integrability condition and of a smoothness condition, which trans- 
lates the prescription of the uncertainty principle into a criterion of complex 
regularity. 

In this paper we address a situation where there is no square integrability. 
This is the case of the special group of rigid motions of the Euclidean plane 
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SE{2) = -Rg x Sg, that is the noncommutative Lie group obtained as semidi- 
rect product between translation and counterclockwise rotations of the (see 
e.g. [361E5]). The composition law is given by (q', 9')-(q, 9) = (q'+rgiq, Q'+ff) 
where rg is the ordinary counterclockwise rotation of angle 9, and its Lie 
algebra can be defined in terms of left invariant vector fields, which read [10] 

X\ = — sva.9d qi + cos9d q2 , X 2 = d$ (1) 
X 3 = [X 1 ,X 2 ] = cos9d gi + sm9d q2 . 

This group is locally equivalent to the Heisenberg group, which is its 
metric tangent cone (in the sense of Gromov, see [5]), but globally it is 
not nilpotent, and only possesses trivial isotropy subgroup. Indeed its irre- 
ducible representations are the following. 

Proposition 1.2. For any O € M + there exists an irreducible representation 
of SE(2) on the Hilbert space L 2 {S 1 ) given by 

II n (q,9)u(^) = e- in ( qiCOSV+q2Sin ^u(tp - 9) . (2) 

Due to the plane wave term, these representations are not square inte- 
grable, that means that there exist nou,t;6 L 2 (5 1 ) such that the function 
(H tt (9, q)u, u)i2(5i) belongs to L 2 (SE(2)), where the Haar measure is the 
Lebesgue one. In order to circumvent this problem, several different strate- 
gies were proposed. In |14j . the author restricted the family of coherent 
states to a two dimensional submanifold obtained as cotangent bundle of a 
coadjoint orbit, obtaining compactly supported admissible fiducial vectors; 
this method could later be extended to general semiderect product groups 
PQ . In [26] , the authors could re-establish square integrability by making use 
of reducible representations constructed as direct integrals over finite inter- 
vals of parameters, a procedure that does not require compact support for 
the fiducial vector. Taking reducible representations and obtaining admis- 
sibility conditions over the fiducial vector is a procedure that rely on solid 
bases [21j and could be applied also to the left quasi-regular representation 
d|. 

We will propose a different construction, that does not rely on square 
integrability but rather makes use of the Hilbert space to which the coherent 
states transform, defined by irreducible representation of the whole group, 
actually belongs. More precisely, given a vector uo £ L 2 (S l ), we will deal 
with a coherent states transform given by an analysis operator acting on 
vectors <I> G L 2 (S l ) as 

A« : $ A n $(q, 9) = (Il n (q, 9)u , $) l2(5 i ) (3) 

and we will show that this operator is bounded on an invariant Hilbert space. 
Indeed, in Section we will prove that 
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Theorem 1.3. There exists a Hilbert space / Hn(SE(2)) such that 
i) A n : L 2 (S 1 )^n n (SE(2)) . 

ii) The left regular representation is unitary on ~Hq(SE(2)): let Ti q i^i\ be 
given by r {q , fil) f{q,0) = /((</, fl')" 1 ■ (q,6)), then 

\\ T (q',e')f\\Hn(SE(2)) = \\f\\Hn(SE(2)) 

for all (q',9') G SE{2) and all f(q,9) G Hn(SE(2)) . 

Hi) the range of A Q is the reproducing kernel Hilbert subspace ofHn(SE(2)) 
with kernel 

K n (g,g') = <nVH,n C ( 5 )u } L2 (si) • 

The construction of such Hilbert space will be grounded on the mea- 
sure disintegration associated to the direct integral decomposition of the 
left quasi-regular representation, that we will discuss in Section [2j 

Moreover, in Section[5]we will show that the key feature of the Bargmann 
transform still holds in the present case: if we choose a fiducial vector that is 
a minimal uncertainty state for SE(2), then the target space of the operator 
([3]) is characterized by a complex regularity condition which turns out to be 
a generalization to odd dimensional manifold of the analiticity condition. 
More precisely, we will obtain CR functions [3], and we will show with 
Theorem 14.81 that the coherent states transform ([3|) with such a fiducial 
vector is surjective on 1-i^i{SE{2))r\CR, and hence we will call it the SE(2)- 
Bargmann transform. This complex regularity is directly related to the 
contact geometry of the group, and is defined on the basis of the almost 
complex structure that can be set on the contact planes by considering the 
manifold M = R 2 x S 1 real submanifold of ]R 4 endowed with the same 
complex structure used for the Bargmann transform: 

M = {{zi,z 2 ) G C 2 , zj = (pj + iqj) j = 1,2, such that p\ + p\ = 1} . (4) 

As we will see in a while, this is intimately related to the direct integral de- 
composition of the left quasi-regular representation, that roughly speaking 
amounts to restricting functions of L 2 (M. 2 ) to circles in the Fourier domain. 
This perspective leads to Theorem 15. 2| where the 5S(2)-Bargmann trans- 
form is obtained as a restriction of the ordinary Bargmann transform to 
circles in the cotangent variables. 

An application of the theory presented, that actually motivated the 
whole construction, regards the behaviour of brain visual cortex when sub- 
ject to oriented stimuli. In [2] was presented a model capable to reproduce 
the experimental results of cortical activities, and its main features can be 
properly interpreted in terms of the S , i?(2)-Bargmann transform. 
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2 Hilbert spaces and measure decomposition 

In this section we will define the Hilbert spaces TiF 1 and Tin that will permit 
to carry out the proof of Theorem 11.31 7~l n is isomorphic to L 2 {S l ) while 
Tin is its pullback through the Fourier transform. 

We will choose as (unitary) Fourier transform on the plane 

?f(k) = f(k) = -L f e - ik -*f(x)dx 

while we will use the right- antihermitian convention for both I? scalar prod- 
ucts and distributions S' on Schwartz class functions S. 

The left quasi-regular representation of SE{2) on / € L 2 (R 2 ) acts as 

(L(g)f)(x) = f(g' 1 x) (5) 

where g = (9, q) S SE(2) and g~ l x = r_g(x — q). By Fourier transform we 
obtain a representation on L 2 (M?) that is unitarily equivalent to ([5]): 

(L(g)f)(k)=e~^f(r^k) (6) 
where L(g) = FL(g)F~ 1 , indeed 

(FL{g)f){k) = f e-^f{g~ 1 x)dx = f e-^ x f{x)dx 
= e- ik -i{JFf)(r_ e k). 

By Q we see that L(g) acts in an invariant way on each circle of the 
domain of /, and it can be completely reduced along with the direct integral 
decomposition 

r® 

L 2 (i 2 ) « / n n ndn (7) 

Jr+ 

where each H n is isomorphic to L 2 (S' 1 ). This decomposition ([7]) was al- 
ready used in [36] for the SE(2) group, and represents a very special case 
of measure decomposition (see e.g. [2H Prop. 3.29]). The corresponding 
reduction of the left regular representation consists in considering its action 
on functions restricted to a circle of the Fourier domain. However this is 
generally not allowed for elements of L 2 (M 2 ), and it is also problematic when 
coming back to spatial variables, since the localization in the Fourier domain 
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implies a derealization in the spatial domain that leads to the loss of square 
integrability. Nevertheless, since L(g) is reducible on L 2 (M 2 ), so it is L(g) 
on L 2 (R 2 ), and we will denote with Hq the irreducible Hilbert spaces in the 
spatial domain. 

2.1 The Hilbert space H n 

We introduce a notation that permits to express function on the circle as 
restrictions of functions on the plane. 

Lemma 2.1. The vector space 

n n ^ j^n e s'(R 2 ) | 3u £ L 2( 5 i^ such thaf 

r-2n 

Jo 

is a Hilbert space isomorphic to L 2 (S' 1 ), with respect to the scalar product 

(Tu,Tv) n n = (n,w) L 2 (5 i) . 
Moreover the set T^P is the closure in this norm of the set 

e S'(R 2 ) | u e SiS 1 )} . 

Proof. The claim is immediate consequence of the fact that any element 
of univocally determines an element u of L 2 (S l ) and viceversa. The 
second assertion is a consequence of the density of S(S 1 ) in L 2 (5' 1 ). □ 

Given a function / E 5(K 2 ), for any fixed !J £ I \ {0} we will denote 
with / E S(S l ) its restriction on the circle of radius Q 

f n &)=f(ncos&), flsm(<p)) (8) 

and define the operator V n : S(R 2 ) -> W n 



With this notation the H n norm ||T2,||^n = ll/^ll^^i) reads 

ll^nl&n = (^f, f)s'(M?),s(R 2 )- ( 9 ) 

Remark 2.2. We explicitly note that we can not extend the operator V 
to the whole L 2 (R 2 ), since this would be defined only for a.e. f2. Indeed if 
f E L 2 (R 2 ), then 

[ \f(k)\ 2 dk= [ \f(ncos{ip),nsm(v))\ 2 ttdnd V <oo 
Jm. 2 JR+xS 1 
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so, by Fubini Theorem, f3|) provides a square integrable function in S 1 only 
for a.e. ft 6 R+. 

However, we will see in Proposition 15,31 that V n can be interpreted as a 
true projection on a Hilbert space direct integral decomposition. 

We can see that the space H n can be expressed in terms of the group 
Fourier transform. In order to do this, we first restate a variant of [35} §4 
Prop. 3.4]. 

Lemma 2.3 (Group Fourier transform). Let f G S(M. 2 xS 1 ) and k G M\{0}. 
Then the SE(2) Fourier transform of f 

^(2)/(«)= / dqdOf(q,0)IL K (q,0) 

JR 2 xS 1 

is the (compact) integral operator on L 2 (S 1 ) 

?SE(2)f(KM<P) = [ d0f K (<p, v - 6)u{6) 



where we have used notation and the Fourier transform is performed 
with respect to spatial variables. 

Proof. 

?SE{2)f(KM<p) = I dqd9f(q,9)U K (q,9)u(^ 

JR 2 xS 1 

dqd6f{q,6)e- iK{qi «ta<P) u (p _ 0) 

'xS 1 

d6f K (v,9)u{ip-9). 

□ 

Now since S 1 has finite measure, we can perform the group Fourier 
transform on functions / G 5(K 2 ) and it ends up to be a multiplicative 
operator 

FsE(2)f(*M<p) = f K (<p) [ u{6)de 

Js 1 

so that the action of T^ can be written as a matrix element if the Fourier 
transform 

(Tg,f) S 'S = ■ * ($,?SE<.2)f(to)u)v(Si) 

Js 1 u{9)d9 

but also the operator V n can be related to J 7 se(2) by 

(f /«' V ' )5 ' 5 = J slU (9)d9 {:FsE ^ mU ^ )L2 ^- 
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2.2 The Hilbert space Hn 

In this subsection we present the dual results of the previous one. Dual- 
ity is intended with respect to the Fourier transform on the plane, whose 
fundamental role is due to the intertwining (0). 



Definition 2.4. By Fourier duality on ^ we define the seminorm on <S( 



p2> 



Ha =({VnfJ)s's)^ (10) 
where Vn ■ S{R 2 ) -> S'(R 2 ) is given by 

Moreover, again by Fourier duality on tempered distributions, we define the 
Hilbert space 

The following characterization of Hn is straightforward, and it relies on 
the fact that || • ||% n is a norm on a properly defined space of distributions. 

Lemma 2.5. The vector space Tin is the closure of the set 

{T n e S'(R 2 ) | 3 / € S(R 2 ) such that T n = V n f] 

with respect to the norm A10\) . It is a Hilbert space isomorphic to L 2 (5 1 ), 
with scalar product 

( T fm T gn)un = (Ptlf,9) 
and the Fourier transform is an isometric bisection between Hq and % ■ 

Next proposition provides the explicit expression of the operator Vn- 

Proposition 2.6. For any f £ S(R 2 ) it holds 

l. Vn f( x ) = ^—f* jo (n\.\)( x )= [ f(y)j (n\ X -y\)- G 



H- \\f\\n n = / dx dyf(x)f(y)j (n\x-y\y 



dy \ 2 



(2vr) 2 

where jo is the modified Bessel of the first kind of order zero 

j (s)= [ 2 \ lscos ^dv. 







Proof. By Definition 12.41 the first claim reads equivalently 

r n f = j^T(f*j (n\ • D) = (Tj (n\ • |)) 



and in order to prove this we only need to show that Fjo(Q\ ■ |) = 2-KTp. 
This is true since 

r /*27r 

<Jo(fi| • M)s>S = dx dve^ co ^J(x) 

Jr 2 JO 
r2w 



2tt / dipTipip, cos ip, Q sin tp) = 27r(rp, Ttj))s>s 
Jo 



□ 



Up to isomorphisms, then, we have that L 2 (IR 2 ) decomposes into a direct 
integral of the irreducible Hilbert spaces Tin invariant under the action of 
the left quasi-regular representation. The counterpart of ([7J) can indeed be 
obtained by the following corollary. 

Corollary 2.7. For f £ 5(R 2 ) the following representation formula holds 

/•oo 

f(x)= / v n f(x)ndn. 

Jo 



Proof. 



f{x) = / dkf(k)e ikx = dk dyf(y)e ik ^ 



oo pItt p 

dnfl dip dyf(x-y)e in ^ cos ^~ a y^ 
Jo Jm. 2 

OO P p2tv 

dnn / dyf{x-y) / dipe in ^ cosM 
Jm. 2 Jo 

OO P POO 

dnn dyf(x-y)j (n\ y \)= dnnv n f(x) 

Jm 2 Jo 



□ 



3 A coherent states transform 

The coherent states transform (|3|) turns a function of one 5 1 variable into 
the function of three R 2 x S 1 variables, that belong to with respect 
to spatial variables and to L 2 (5' 1 ) in the angular variable. In particular the 
geometric transformation performed by AF 1 actually preserves the Hilbert 
space structure of irreducibility described in ©. 

In this section we will then prove Theorem 1 1 . 3 1 using such arguments, and 
see that the distributional approach allows to obtain a weak reconstruction 
formula. 
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Definition 3.1. We define the Hilbert space 

%u{SE(2)) = {F : R 2 q x S\ -»• C such that 9 ^ F(q, 9) is in L 2 {S l ) 
and q i— )• F(g, 0) is zn 

endowed with the scalar product 

(F,G) Hn{SEi2)) = [ d9(F(.,9),G(;9)) nn . 
Js 1 

To start the proof of Theorem 11.31 we consider point i) and prove: 

Proposition 3.2. For any uq G L 2 {S l ) the family {Tl(g)uo} g&SE ^ 2 ) is a 
tight frame between the Hilbert spaces L 2 (S l ) and Hn(SE(2)), i.e. 

\\A n $\\ nniSE (2)) = ho\\ l^S^IMl^S^ L 2 ^ 1 ) . 

Proof. We first note that 

<A n $(-,0),t/,} s , (H2)s(M2) = [ dq [ d V e- iQ ^ cos ^ s ^U (<p - 0)${<p)Wq) 



d(puo((p — 0)$>((p)ijj(yi cos <p, Q simp) 

= ( T u {~ 0)$'-^)s'(i 2 )S(]R 2 ) 
From here we immediately deduce that 



d9\\A u $(;9)\\i in = d9 dtp\uo(<P-0)*(<P)\ 



l U 0|||2(5l)||^|||2( 5 l). 



□ 



Since step ii) is a trivial consequence of the construction, we are ready 
to prove step Hi) of Theorem II. 31 

Proof of Hi). If we call g = (q, 9) and 

Ug(ip) = U n (g)u ((p) 

then the kernel K^(g,g') reads 

Kg(g') = {u g ',u g ) L2{sl) = A n u g (g') 

so if uq has unit norm, by polarization of Proposition 13.21 we have 

(K%,A n $) nn(sm) = (u g ,$) L 2 m = A n $(g) 

for all $ in L 2 ^ 1 ). □ 
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3.1 Weak reconstruction formula 



We now show how the reconstruction works in this setting. We recall that, 
due to the non square integrability of group representations, a standard 
linear superposition is not allowed. However, since the Hilbert spaces for the 
coherent states tranform consist of distributions associated to functions on 
S 1 x S 1 , we can obtain the reconstruction of the linear functional associated 
to the analyzed vector. 

Proposition 3.3. Let $ G L 2 (S l ) and as in |3|), with uq of unit norm 
in L 2 (S 1 ). Then the following identity holds in distributional sense 



T se{2) A^(k)u = 
for all k 6 R + \ {0}. Explicitly we then have the following representation 

dqd9 



T§= [ A^(q,e)u K (q,e) Uo - 



: xS i 2ir 

which means that for all tp £ 5(IR 2 ), ip(k) = t/>(kcos if, resin ip) 

(Tg,i,) s , s = ($,i; Q ) L 2 isl) . 

Proof. By computations analogous to those used for Proposition 13.21 we 
have that the distributional Fourier transform of A^&(q,6) with respect to 
spatial variables reads 

F R 2A n $(; 9) = u (<p - 9) $0) iff a.e. 99G5 1 . (11) 



Now by the normalization of no and since <J> ^Tp = qT§, then 
= d9u ((p - 8)J r K 2A Q &(k, 9) 

= d9 [ ^L e - lK{qiCOStfi+q2SilUfi) uo(ip - 9)A n <S>{ 

Jo Jm. 2 27r 



□ 



4 The uncertainty principle and CR functions 

In this section we provide a characterization of the target space of the co- 
herent states transform in case the mother wavelet is a minimum of the 
uncertainty principle for the SE(2) group. It is the subspace otHn(SE(2)) 
of functions which are CR with respect to the natural almost complex struc- 
ture of SE{2). This statement is the analogous of the well-known result of 
Bargmann [3], since it is stated in terms of an integrability and complex 
regularity condition, and for this reason we will call it 5£'(2)-Bargmann 
transform. 
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4.1 Almost complex structures in R 2 x S* 1 

The manifold R 2 x S 1 can be considered a real submanifold of C given 
explicitly in (UJ), with the induced almost complex structure. This is a 
linear operator J on the Lie algebra such that 

J{X 2 ) = XX 2 , J(X 1 ) = -jX 2 (12) 

where the constant A arise from a plain rescaling of the spatial variables q. 

Indeed the ordinary complex structure of C 2 with respect to Zj = Pj + i^ 
reads 

J (d Pj ) = Xd qj , J (d qj ) = --d Pj 

and when restricted to flU) it reduces to (fT2j) , 

Since Z = X 2 + i\X\ is the antiholomorphic, or CR, vector field, i.e. 

J(Z) = -iZ 

we are then lead to the following definition. 

Definition 4.1. We say that a function F : M 2 x ^ C is CR X (SE(2)) if 

(X 2 + iXX 1 )F = (13) 
where X\ and X 2 are the left invariant differential operators given by |7p. 



4.2 The uncertainty principle 

In |2CH Th. 2.4] it is stated a general form of the Uncertainty Principle for 
connected Lie groups. In our situation the statement reduces to 

Theorem 4.2 (Uncertainty principle). Let X\ and X 2 be the left invariant 
differential operators given by HP- Then 

||dn n (XiH|^ \\dYi n (X 2 )u\\ H > ^\{dU n ([X 1 ,X 2 )) U ,u) H \ 
for all u € L 2 (S' 1 ). The inequality becomes an equality if u satisfies 

((ffl^pfi) - i\dU Q (X 2 )) u = 
for some X € R, and we call such u = u x,Q a minimal uncertainty state. 

Proposition 4.3. The equation for minimal uncertainty states of the SE(2) 
group with respect to representation (0) reads 

+ Xn Shl ^) U ^ = ° 
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and we denote by u X ' n its L 2 (S 1 ) normalized solution 

v /j (-2iAfi) 

We note in passing that the uncertainty principle can be stated in slightly 
more general terms, including mean values of the noncommuting operators. 
In that case, the equation for minimal uncertainty states becomes an eigen- 
value equation. With respect to the present situation, the physical inter- 
pretation of minimal uncertainty states (|14p is that of having zero average 
angular momentum [8]. 

Proof of Proposition \4-3\ It suffices to show that dll^(Xi) is the multiplica- 
tive operator iQsinip and dH n (X2) is the derivation — — , that can be easily 

dip 

checked by direct computation. □ 
Definition 4.4. We consider the family of coherent states for SE(2) 

\u n (q,9)u X ' n \ (15) 

and call SE(2)-Bargmann transform of a function $ £ L 2 (S 1 ) the coherent 
states transform with respect to the family I115\) 

B&(q,0) = (n n (q,9)u X > n ,<S>) LHsl) . (16) 

The following general fact provides the relation between uncertainty 
principle and CR functions, and actually motivates the previous efinition. 

Lemma 4.5. Let G be a Lie group and ir be a unitary representation of 
G on a Hilbert space T~L, and let us denote with dir the corresponding Lie 
algebra representation If X is a left invariant vector field and uq is a 

vector ofH in the domain of dir (X) such that 

dir(X)u = 

then 

X{7r(g)u ^) n = 

for all $ G H. 

Proof. By definition of left invariant vector field, if F is a smooth function 
on G then (see e.g. PH Th. 3.2.3]) 

so, since it is a homomorphism 

X{-K{g) U Q^) H = (n{g)j t n(exp(tX))u ,$) n 



and by definition of algebra representation — 

dt 



t=o 

ir(exp(tX)) = dir(X). □ 



t=o 
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By Lemma 1|£5|L since (cffl n pr 2 ) - iAdn Q (Xi))u A ' n = 0, then B^<P 
satisfies equation (| 13[) . We then have the following corollary. 

Corollary 4.6. Any function obtained as in A16\) is CR X (SE(2)). 
4.3 The target space 

These notions allow us to define the Hilbert space of surjectivity for the 
5'£ , (2)-Bargmann transform. 

Definition 4.7. We define the SE (2) -Bargmann space as 

V¥^ = U Q {SE{2)) n CR X (SE(2)) . (17) 

On the basis of this definition we can indeed prove the following. 

Theorem 4.8. Bq : L 2 (S' 1 ) — > VFq is an isometric surjection. 

Proof. By Corollary 14.61 we know that the 5-E(2)-Bargmann transforms are 
CR X (SE(2)) functions, while Proposition 13.21 and the normalization of u x,n 
ensure that this is an isometry. 

To prove surjectivity, consider a function F(q, 0) G VFq. Since it satisfies 
(|13p . its Fourier transform with respect to the q variables is such that 



(dg + A/«sin(0 — </?)) T^F^k cos <p, Ksin cp, 6) = . (18) 

Hence 

J^,F(KCOB<p,KBin.<p,e) = ce XKCOa ( e -^$(<p)g(K) 

for some $((p),g(K). But since F is in Uq(SE(2)), then $ G L 2 (5' 1 ) and 
<7(k) = c5(k — Q), so any F(q, 9) G 7>F^ is determined by a $ G L 2 (5 X ). □ 

5 Relations with the Bargmann transform 

In this section we will interpret the S'-E(2)-Bargmann transform as the re- 
striction of the ordinary Bargmann transform on L 2 (IR 2 ) to the real sub- 
manifold 

If we denote Euclidean translations with r and modulations with fj,, i.e. 
r(q) f i(p)f(x) = e l P<^f(x-q) 
then the Bargmann transform [3] is 

Bff(q,p) = e^(r(q)^p)g Q ,f) L 2 {Rn) (19) 
where go is a normalized Gaussian of width a 

9o(x) = — -=e 5^. 

For notation purposes we recall the following well known result. 
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Proposition 5.1. The Bargmann transform is an isometric surjection from 
L 2 (M 2 ) onto the Fock- Bargmann space 

¥ a = L 2 (M 2 x R 2 , e~ ! ^dqdp) n Hol(C 2 ZuZ2 ) 
with holomorphy with respect to the complex structure Zj = Pj + i% 

(d Pj +ia 2 d qj )Bff = , j = 1,2. (20) 

In order to study the relation between (|16p and (|19p we note that the 
almost complex structure (|12p is inherited by the same complex structure of 
C 2 used for (f20|) with A = a 2 . In particular this implies that (see e.g. [3]) if 
we restrict a function satisfying (|20|) to the real submanifold we obtain 
exactly what we have called a Ci? CT (5i?(2)) function. Since the p variables 
are cotangent variables, i.e. they belong to the frequency domain, the deep 
relation between the two Bargmann transforms is exploited by means of 
a restriction of the function to be transformed to circles in the frequency 
domain, i.e. by means of the quasi-projector Vq. 

The main theorem of this section is the following. 

Theorem 5.2. Let Tq be a distribution in 1-Lq and Tj? £ % be its distri- 
butional Fourier transform associated to ^ £ L 2 (S' 1 ). Then considering the 
extension of B^ to tempered distributions as in 



where p = \p\ (cos 6, sin I 



'■ Vh( 


-2ia 2 \p\ft) 




CTy/TT 


S{R 2 ) 


, then 


v6'o(- 


-2ia 2 \p\n) i 



tFW&p) = e~^^^p^B^f%,0) . (21) 
This can be seen by Fourier duality since 

2 I 1 2 

B m2 Vnf(q, P ) = e^(T(q)fx(p)g ,Vnf)s'(^),s 



e—(TT(q)v(p)go,V n Ff) s , 



1 2 I I 2 f 2 \k— I 2 

Jm. 2 



o'V^Jo Js 1 

V j (-2ia 2 \p\n) ^ n ft\^ 2 \p\& fa\ 
- 7= e 2 (11 {q,V)u ,/ )l2 (5 i) 

By Lemma [2. II and its dual statement Lemma [2 .51 we can take / in Tin, thus 
extending (j2~Tj) to the whole Tin- D 



15 



Next proposition shows how we can use the operators Vq, as projection 
operators on Fock spaces, due to the smoothness of their elements. 

Proposition 5.3. The Bargmann-Fock space has the following direct inte- 
gral decomposition 

and the operators are true projectors 

>V^ W \ 

Proof. Let us denote the Fourier transform with respect to spatial vari- 
ables. Then 

V n T R 2 (fi H2 /) (k,p) = 2vr ( 7 2 A/^/>)e-^e CT2|p||A:|cos( ^ ) 

= 20Fa e"^ [ff e a2 ^ nco < e -^^d{\k\ - O) . 

So, by (HU) 

V n T R2 (B m2 f) (k,p) = 2J- R2 (k,p) . 

□ 



6 The almost complex structure of the Heisenberg 
group 

As an example of the application of Lemma 14.51 we recall the complex regu- 
larity of the coherent states transform associated to the Heisenberg group. 

The n-th Heisenberg group H n |18} [3"T] in its semidirect product form 
R™ ix (R" x R f ) is defined by the group law 

(q',p',t') • (q,p,t) = (q +q,p +p,t' + t + pq) 

and we denote by p the Schrddinger representation on L 2 (M n ) 

p(q,P,t)f(x) = e u e l P<^f(x-q). (22) 

It is well known that minimal uncertainty states can be constructed starting 
from the gaussian go, that satisfies 

a 9o = 

where a is the so-called annihilation operator 

a = Xj + a 2 d Xj . 
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The operator a can be written as 

ia = dp(Xj) — ia 2 dp(Yj) = dp(Xj — ia 2 Yj) 

where Xj = d Pj and Yj = d q . + Pjdt for j = 1, . . . ,n together with their 
commutator dt are the generators of the Lie algebra of H n . 
By Lemma 14.51 then, defining the complex vector fields 

Zj = Xj + ia 2 Yj = d Pj + ia 2 (d qj + pjd t ) 

we have that the functions 

Af(q,p,t) = (p(q,p,t)g ,f) L 2 {Rn) 

satisfy 

ZjAf = (23) 

for all / G L 2 (R n ). 

The representation (|22p is not square integrable, due to the phase term 
produced by the center of the group, which is indeed the maximal isotropy 
subgroup. Since it is square integrable modulo the center, then, the coherent 
states transform is defined by 

Aedf(q,p) = (p(q,p)go,f)mRn) 

where 

p(q,p)f(x)=e i ^ x -^f(x-q) 

is sometimes called the projective Schrodinger representation. In order to 
recover the differential constraint (f2"5j) . properly projected on t = 0, it is 

Ml 

however needed to add a weight e 2 to A Te ^f, ending up with the Bargmann 
transform, for which equation (|23p becomes an analiticity condition. 
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